Abstract. We discuss some properties of Jacobi fields that do not involve assumptions on the curvature endomorphism. We compare indices of different spaces of Jacobi fields and give some applications to Riemannian geometry.
Introduction
This note is a collection of results about conjugate points of Jacobi fields for which we could not find an appropriate reference in the literature, while we were working on conjugate points in quotients of Riemannian manifolds. We discuss here some basic results about indices of spaces of Jacobi fields that do not involve Morse theory nor comparison results. For the latter the reader can consult [EH90] or any text book on Riemannian geometry, for instance [Sak96] .
Let V be an m-dimensional Euclidean vector space and let R(t), t ∈ I be a smooth family of symmetric endomorphisms defined on an interval I ⊂ R. The equation
is called the Jacobi equation defined by R(t). Solutions of the Jacobi equations are called Jacobi fields. By Jac we will denote the vector space of all Jacobi fields. For any t ∈ I we have an identification I t : Jac → V × V , given by J → (J(t), J ′ (t)). On Jac the symplectic form ω(J 1 , J 2 ) = J 1 (t), J ′ 2 (t) − J ′ 1 (t), J 2 (t) is independent of t, due to the symmetry of R(t). For any t, this symplectic form corresponds to the canonical symplectic form on V × V via the identification I t . For a subspace W ⊂ Jac we denote by W ⊥ the orthogonal complement of W with respect to ω. The subspace W is called isotropic if W ⊂ W ⊥ ; and it is called Lagrangian if W = W ⊥ . Let W be an isotropic subspace of Jac. For t ∈ I we set W (t) = {J(t)|J ∈ W } and W t = {J ∈ W |J(t) = 0}. We say that t is W -focal if 2000 Mathematics Subject Classification. 53C20, 34C10. Key words and phrases. Jacobi fields, conjugate points, focal points, index. The author was supported in part by the SFB 611 Singuläre Phänomene und Skalierung in mathematischen Modellen.
) > 0 and call this number the W -focal index of t. This number will be denoted by f W (t). For a subinterval I 0 ⊂ I, we define the W -index of I 0 to be ind W (I 0 ) = Σ t∈I 0 f W (t). In Riemannian geometry one mostly considers the indices of special Lagrangians defined by some submanifolds (see [Sak96] and Subsection 2.3 below). Here we emphasize a more abstract point of view that involve all Lagrangian subspaces and, more general, isotropic subspaces of the space of all Jacobian fields. For the natural appearance of such situations one should look at [Wil07] , the paper in which the important tool of transversal Jacobi equation was invented. Now we can state our results, that seem to be known to the experts in many special cases. Theorem 1.1. Let Λ 1 , Λ 2 ⊂ Jac be any Lagrangians. Then for any interval I 0 ⊂ I we have ind
See Proposition 4.1, for a slightly more general statement. As a consequence of Theorem 1.1 we deduce: Corollary 1.2. Let M be a Riemannian manifold without conjugate points. Then for any submanifold N of M and any geodesic γ orthogonal to N there are at most dim(N) focal points of N along γ (counted with multiplicity).
Another direct consequence is a non-geometric proof of the following well known differential geometric result (see Subsection 4.1 for the definition of conjugate points): Corollary 1.3. Let V, R, Jac be as above. If for some a < b ∈ I the points a and b are conjugate, then for eachā ≤ a there is someb ∈ [a, b] that is conjugate toā.
Another important issue for which we could not find a reference is the following semi-continuity and continuity statement. For similar continuity statements in the more general context of semi-Riemannian geometry the reader should consult [MPT02] . Proposition 1.4. Let R n (t) be a sequence of families of symmetric endomorphisms converging in the C 0 topology to R(t). Let W n be isotropic subspaces of R n -Jacobi fields that converge to an isotropic subspace W of R-Jacobi fields. Let I 0 = [a, b] ⊂ I be a compact interval and assume that f
, for all n large enough. Then ind W (I 0 ) ≥ ind Wn (I 0 ), for all n large enough. If all W n are Lagrangians then this inequality becomes an equality.
We prove Theorem 1.1 and its Corollaries by using the continuity principle above and by reducing the claim to the 1-dimensional situation with the help of Wilkings transversal Jacobi equation. The proof involves the decomposition of the index in the sum of the vertical and the horizontal indices with respect to an isotropic subspace (Lemma 3.1). See Subsection 3.2 and [LT07a] for a geometric interpretation of these notions. We would like to mention that the noncontinuity of indices for isotropic non-Lagrangian spaces and the decomposition formula of Lemma 3.1 cause strange non-continuous behavior of indices in quotients of Riemannian manifolds ( [LT07a] and Remark 3.1).
In Section 2 we discuss basic facts about Jacobi fields, prove the semicontinuity part of Proposition 1.4 and recall the arguments of [Dui76] that relate the index to Lagrangian intersections and imply the continuity part of Proposition 1.4. In Section 3 we recall the construction of the transversal Jacobi equation, due to Wilking. In Section 4 we prove the remaining results.
I would like to thank Gudlaugur Thorbergsson for fruitful discussions. I am grateful to Paulo Piccione for helpful remarks and for the reference [MPT02] .
2. Semi-continuity and continuity of indices 2.1. Semi-continuity. We start with the only simple comparison result that will be used in the sequel.
Lemma 2.1. Let V, R, Jac be as in the introduction. Assume that ||R(t)|| is bounded above by C 2 ∈ R. Let J ∈ Jac be a Jacobi field with J(t − ) = 0. Then for all t + ∈ I with |t
we have
Proof. We may assume t
Due to the Taylor formula, we find some t ∈ [t − , t + ] with
The desired estimate now follows from
Let again C 2 ∈ R be an upper bound for ||R(t)||. Let W be an isotropic subspace of Jac and let t + > t − be W -focal points, with |t
From the last lemma we obtain now
Thus J + and J − are almost orthogonal with respect to the scalar product s t+ on Jac defined by
This has the following consequences (cf. [Sak96] ,p.61,p.101):
Lemma 2.2. Let W be an isotropic subspace of Jac. Then the Wfocal points are discrete in I. Moreover, there is some number ǫ, that depends only on an upper bound of ||R(t)||, such that for an interval I 0 of length ≤ ǫ the inequality ind
In the case dim(W ) = 1 we get:
where ǫ depends only on the upper bound on ||R(t)||.
Finally we get:
Lemma 2.4. Let R n (t) be a sequence of families of symmetric endomorphisms converging in the C 0 topology to R(t). Let W n be isotropic spaces of R n -Jacobi fields that converge to an isotropic space W of R-Jacobi fields.
Proof. It is enough to observe that for t n → t ∈ I 0 the limit of W tn is contained in W t , and that for sequences t + n > t − n converging to the same t ∈ I 0 , the limits of W The Maslov-Arnold index [γ] is equal to the intersection number ofγ and the cycle given by Lagr \ Lagr 0 and can be computed as follows. For each time t with non-zero intersection F t = γ(t) ∩ Λ 0 , one computes the restriction to F t of the symmetric bilinear form B ∈ Sym(Λ 0 ), given by γ ′ (t) ∈ T Λ 0 Lagr = Sym(Λ 0 ). If this bilinear form B on F t is non-degenerate, its signature is the contribution of the point γ(t) to the Maslov-Arnold index. In our case, γ(t) = Λ(t) = {X(t)|X ∈ Λ, X ′ (t) = A(t)X(t)}, the bilinear form B = Λ ′ (t) is defined by B(x, y) = ω(A(t)x, y), for x, y ∈ Λ(t). By the definition of A(t), we have B(x, x) = ||x|| 2 for each x ∈ {0} × V = Λ 0 . Thus B is positive definite on each intersection space F t and the contribution of the Λ-focal point t to [γ] is precisely the focal index f Λ (t). We conclude that the 
Transversal Jacobi equation
3.1. The construction. Let T → I be a Riemannian vector bundle over an interval I with a Riemannian connection ∇ and a field R : T → T of symmetric endomorphisms. Let Jac be the space of Jacobi fields and let W ⊂ Jac be an isotropic subspace. We are going to describe Wilking's construction of the transversal Jacobi equation ([Wil07] ,p.3).
Wilking observed that the familyW (t) := W (t) ⊕ {J ′ (t)|J ∈ W t } is a smooth subbundle of T . Notice that W (t) =W (t) for all non-focal values of t. Denote by H the orthogonal complement ofW and by P : T → H the orthogonal projection. Then P defines an identification between H and T /W . The mapping A(J(t)) = P (J ′ (t)) extends to a Remark 3.1. The index formula above imply the following explosion of indices in quotients, see the next subsection for a geometric interpretation. In the notations of Proposition 1.4, let W n ⊂ Λ n be pairs of R n -isotropic and larger Lagrangian subspaces that converge to the pair W ⊂ Λ. We get smooth transversal Jacobi equation with symmetric endomorphisms R Hn and R H . Note that at all non-focal points of W the transversal endomorphisms R Hn converge to R H and Λ n /W n converge to Λ/W on the complement of the set of W -focal points. However, if ind Wn (I 0 ) < ind W (I 0 ) for all n, a situation that happens very often, then we deduce ind Λ/W (I 0 ) < ind Λn/Wn (I 0 ). Thus at some Wfocal points the transversal endomorphisms R Hn are forced to have a very steep bump producing focal points. It seems that if indices of W n are stable, the fields R Hn should converge to R H in the C 0 topology, but we have checked this statement only in the special situation of [LT07a] .
3.2. Geometric interpretation. In the situation of [Wil07] , the meaning of Λ/W is not easy to describe. However, the origin of the tensor R H defined above is the curvature endomorphism in the base of a Riemannian submersion, a situation that we will shortly describe now (cf. [LT07b] for a more detailed exposition). Thus let f : M → B be a Riemannian submersion, let γ be a geodesic in M and letγ = f (γ) be its image in B. Let R,R be the curvature endomorphisms along γ andγ respectively. Consider the space W of all Jacobi fields along γ that arise as variational fields of geodesic variations γ s such that f (γ s ) =γ, for all s. Then W is an isotropic subspace, since it is contained the space Λ Thus it is enough to prove ind Λ N (I) ≤ n − 1. Due to Theorem 1.1, it is enough to find a Lagrangian Λ without focal points on I. By assumption, for each a ∈ R the space Λ a has no focal points with exception of a. Let the time a go to the a boundary of the interval I and choose a convergent subsequence of the Lagrangian subspaces Λ a . Then the limiting Lagrangian subspace Λ ∞ ("the space of parallel Jacobi fields") has no focal points in I, due to Proposition 1.4.
4.2.
The main theorem. Now we are going to prove a slightly more general version of Theorem 1.1.
Proposition 4.1. Let V, I ⊂ R, R, Jac be as usual. Then for any Lagrangians Λ 1 , Λ 2 ⊂ Jac and any interval I 0 we have ind
Proof. We proceed by induction on dim(V ) and start with the case dim(V ) = 1. Then dim(Λ i ) = 1 and we may assume
Note that for any c ∈ [a, b] the space Λ c is 1-dimensional, thus all focal points have multiplicity one. Therefore we find an interval I 1 ⊂ I 0 with ind Λ 1 (I 1 ) = 2 and ind Λ 2 (I 1 ) = 0. We may assume I 1 = [a, b] and Λ 1 = Λ a = Λ b . Since dim(V ) = 1, the space Lagr of all Lagrangians is homeomorphic to RP 1 = S 1 . Consider the continuous map F : I 1 → Lagr given by F (c) = Λ c . Due to Lemma 2.3, the map is locally injective, thus F ((a, b) ) is an open connected subset of S 1 . Since F (a) = F (b) = Λ 1 , the image F (I 1 ) is a compact subset of S 1 with at most one boundary point Λ 1 . But no compact subset of S 1 has precisely one boundary point. Thus F (I 1 ) = Lagr. Therefore, there is some c ∈ I 1 with Λ 2 = Λ c . This contradicts ind Λ 2 (I 1 ) = 0 and finishes the proof in the case dim(V ) = 1.
Let us now assume dim(V ) = m > 1 and let the result be true in all dimensions smaller than m. Consider the isotropic subspace W = Λ 1 ∩ Λ 2 and assume that W = 0. Then ind Λ i (I 0 ) = ind W (I 0 ) + ind Λ i /W (I 0 ), for i = 1, 2. Thus replacing V, R by the W -transversal Jacobi equation and using Lemma 3.1 and our inductive assumption we get
This proves the statement in the case W = 0. In the case W = 0 one finds a Lagrangian Λ 3 with dim(Λ 3 ∩Λ 1 ) = m−1 and dim(Λ 3 ∩Λ 2 ) = 1 (To find such Λ 3 , take any (m − 1)-dimensional subspace W of Λ 1 , find a non-zero vector J in the intersection Λ 2 ∩W ⊥ and set Λ 3 := W ⊕{J}). Using the result for Lagrangians with non-zero intersection we get:
|ind Λ 1 (I 0 )−ind Λ 2 (I 0 )| ≤ |ind Λ 1 (I 0 )−ind Λ 3 (I 0 )|+|ind Λ 1 (I 0 )−ind Λ 2 (I 0 )| ≤ m
